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Analytic theory of coupled waveguide transformation under irregular perturbations
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Coupled waveguides are convenient at implementing useful optical transformations. In this let-
ter, we investigate the uncertainty of transformation by two coupled waveguides that stems from
the perturbations of waveguide’s mode indices — the effect that may be imposed by a non-ideal
fabrication process, in particular, those of femtosecond direct laser writing [1]. In our analysis,
the perturbations are assumed to be samples of a stationary random process, characterized by an
intensity and a correlation scale parameter. We have derived analytical equations that link these
parameters with relevant statistical characteristics and applied them to analyse how the uncertainty
evolves with field propagation length. We have shown that the interaction length over which the
expectation value of power becomes evenly distributed among the waveguides is crucially dependent
on the random process correlation scale and perturbation intensity.
I. INTRODUCTION
Nowadays, coupled waveguides have found applica-
tions in integrated optics [2, 3] and fiber signal process-
ing schemes [4], high-power lasers [5], and as means to
transform spatial field characteristics [6]. With only two
waveguides one can construct the element of directional
coupler (DC) — a functional analog of the traditional
bulk optics beam-splitter (BS), and a building block of
complicated integrated optical devices. In particular,
universal multiport interferometers can be constructed
using proper arrangement of these simple elements and
phase shifters [7, 8], in a way akin to constructing circuits
out of lumped-parameter elements.
Although functionality of DCs are similar to BSs, their
operating principles are different. Namely, while the in-
teraction BSs is essentially local, as it is based on scat-
tering out of a thin layer structure, the interaction in a
DC is extended in space, since it relies on codirectional
interchange of energy that occur between waves propa-
gating in evanescently-coupled waveguides [9]. A more
general example of optical elements that derive its func-
tionality from the spatially extended interaction is that
of waveguide arrays (WA), which implement coupling be-
tween multiple waveguides simultaneously. Owing to this
unique property of coupled waveguides, they find applica-
tions besides just signal transforming elements, but as an
experimental research tool of optical simulations [10–12].
In the quantum community, WAs have attracted inten-
sive scrutiny, because of convenience in simulating quan-
tum systems and performing quantum logical operations,
provided that nonclassical states of light are used [13]. A
number of suggestions on utilization of WAs have been
put forward in this context, from simple quantum state
transform to simulation of exotic quantum systems [13]
and universal quantum gate logic [14].
One can construct many useful transformations with
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coupled waveguides having identical refractive index (RI)
profiles. For this, proper inter-guide distances are cho-
sen to set the coupling rates parameters. Using waveg-
uides with mismatched RI profiles gives extra possibil-
ity to implement a broader class of transformations and
improved functionalities [15, 16]. However, special care
should be taken at fabrication for not impose uninten-
tional phase mismatches, since this degrades the targeted
transformation. This problem is especially important for
waveguide structures fabricated by the femtosecond di-
rect laser-writing (FSLW) technique, which found appli-
cations for its relative simplicity and affordability [17–
19]. The FSLW process involves several intertwined phys-
ical processes, making the fabrication very capricious
when writing two waveguides nearby. If the distance be-
tween the waveguides are too short, then the quality of
the waveguides and the whole functional element is de-
graded. Recently, the degradation of extinction ration
of polarizing DCs created with FSLW in fuzed silica, an
element typically demanding very short inter-waveguide
distances, has been attributed to uncontrolled perturba-
tions of wavenumber mismatches that occur when the
DC waveguides are fabricated too close to each other [1].
This limit of minimal inter-waveguide distance is trans-
lated into the maximum possible value of coupling rates
defining the miniaturization capabilities of the technol-
ogy.
In this work, we develop a theory that describe the
uncertainty of field transformation by two waveguides,
originated from random perturbations of the refractive
index profiles. In this theory we assume only statistical
knowledge about the perturbation, so that each instance
of perturbations is a sample of a random process charac-
terized by the perturbation power and spatial scale pa-
rameters. The theory generalizes and broadens the one
presented in [1].
2II. THEORY OF FIELD EVOLUTION AT
IRREGULAR PERTURBATIONS OF EFFECTIVE
INDICES
We consider field evolution in a pair of coupled waveg-
uides. The core of each waveguide is represented by RI
profile nj(~ρ, z), which is varied with respect to propaga-
tion coordinate z; here subscript j marks a waveguide
(j = 1, 2). Aside from the cross-waveguide coupling,
the field evolution is crucially influenced by the index
variations. Assuming the waveguides to be single-mode
and polarization state of the field fixed, the variations in
nj(~ρ, z) translates into variations of respective mode ef-
fective indices n
(eff)
j (z) — the parameter that will enter
the equations that follows.
We split the mode effective indices into a constant
part, n
(eff)
j0 , and a perturbation part, δn
(eff)
j (z), so that
n
(eff)
j (z) = n
(eff)
j0 + δn
(eff)
j (z), where the former has the
meaning of the value in the absence of perturbation, while
the latter occurs due to an imperfect fabrication process
and, therefore, can be unknown with certainty. A plau-
sible assumption for the waveguides fabricated by FSLW
is to take perturbations small, i.e. |δn
(eff)
j (z)| ≪ n
(eff)
j0 ,
and we set n
(eff)
10 = n
(eff)
20 = n
(eff)
0
Working in the context of the coupled mode theory,
the fields in the waveguides are described by amplitudes,
a1(z) and a2(z), that are governed by the equations:


da1
dz
= −iβ1(z)a1 − iCa2,
da2
dz
= −iCa1 − iβ2(z)a2,
(1)
where C is the coupling coefficient and βj(z) is the
wavenumber, in which the effective indices enter through:
βj(z) = kn
(eff)
j (z) (j = 1, 2), where k is the wavenum-
ber in the vacuum. We note that the coupling coef-
ficient C is constant in (1), because of its negligible
sensitivity to small variations of waveguide’s parame-
ters — a plausible assumption for waveguide couplers.
(1) do not take into account losses, so that the total op-
tical power is conserved in the course of field evolution:
|a1(z)|
2+ |a2(z)|
2 = |a10|
2+ |a20|
2, where aj0 = aj(0) are
the amplitude values at the input.
It is convenient to use the normalized
quantities of the power difference: ∆(z) =(
|a1(z)|
2 − |a1(z)|
2
)
/
(
|a1(z)|
2 + |a1(z)|
2
)
, and
the complex-valued amplitude product: σ(z) =
a∗1(z)a2(z)/
(
|a1(z)|
2 + |a1(z)|
2
)
, for which the equations
(1) are rewritten:


d∆
dz
= 2iC(σ − σ∗),
dσ
dz
= iC∆+ iη(z)σ,
(2)
where η(z) = β2(z)−β1(z) = k ·(δn
(eff)
2 (z)−δn
(eff)
1 (z)).
When dependence η(z) is defined as a regular func-
tion, finding solution to (2) is not a problem. However,
our interest is when information about δn
(eff)
j (z) is un-
certain, so that only statistical distributions are known.
This incomplete knowledge may stem either from an im-
perfect fabrication process, such as in couplers created
with FSLW at low inter-waveguide distance, or it can be
implemented purposefully, for example, as in the case of
disordered waveguides utilized in simulations. As a result
of this, the unknowns ∆(z) and σ(z) possess uncertainty
too, and therefore, (2) is considered as a stochastic equa-
tion set with random parameter η(z).
We assume that δn
(eff)
1 (z) and δn
(eff)
2 (z) are sam-
ples of one stationary gaussian stochastic process
with the mean 〈δn
(eff)
j (z)〉 = 0 and covariances
〈δn
(eff)
j (z1)δn
(eff)
l (z2)〉 = αPjle
−α|z1−z2|, where α =
1/l0 quantifies the scale of correlation l0, Pjj has the
meaning of the degree of uncertainty in perturbation
δn
(eff)
j (z), and Pjl at j 6= l describes the degree of cross-
correlation between the perturbations in the waveguides;
here 〈·〉 stands for statistical averaging. Therefore, we
have the following model for stochastic process of η(z):
〈η(z)〉 = 0,
〈η(z1)η(z2)〉 = αPe
−α|z2−z1|,
(3)
where P = P11 + P22 − 2P12 = 2(P11 − P12). Due to
the gaussianity of η(z), the mean of the power difference,
〈∆(z)〉, and its variance, V∆(z) = 〈∆(z)
2〉 − 〈∆(z)〉2, are
enough to completely characterize the stochastic process.
There exist many ways to generate random functions
η(z) that obey (3). In particular, sampling η(z) follow-
ing to the random telegraph process is a straightforward
choice. However, this way does not suit for analytics.
It is convenient to model the stochastic process with
properties (3) as a solution to the differential equation:
dη
dz
= −αη(z) + αξ(z) (4)
where ξ(z) is the delta-correlated random process having
properties: 〈ξ(z)〉 = 0, 〈ξ(z1)ξ(z2)〉 = 2Pδ(z1− z2), with
δ(x) being Dirac delta-function. Solving (4), one obtains:
η(z) = η0e
−αz + αe−αz
∫ z
0
eαθξ(θ)dθ, (5)
where η0 is a random quantity, that fulfills to the fol-
lowing: 〈η0〉 = 0, 〈η
2
0〉 = αP and 〈η0ξ(z)〉 = 0, in or-
der to meet (3). In particular, in the limiting case of
l0 = 1/α→ 0: η(z) = ξ(z). The appearance of the delta-
correlated stochastic function explicitly in the model of
η(z) (5) turns out to be handy, as it enables derivation
of analytical equations for stochastic characteristics.
Let us derive the equation that governs 〈∆(z)〉. Firstly,
notice that averaging the system (2) does not change its
form except for the necessity to split 〈η(z)σ(z)〉 in terms
of unknowns 〈∆(z)〉 and 〈σ(z)〉. Using (5), it is obvi-
ous that 〈η(z)σ(z)〉 = αe−αz
∫ z
0
eαθ〈ξ(θ)σ(z)〉dθ, so that
3now we need to calculate 〈ξ(θ)σ(z)〉. For this, we use
the property of a delta-correlated process to have a non-
zero correlation only with the increment of a function,
δσ∆z(θ) = σ(θ) − σ(θ − ∆z), accrued over an infinitely
small interaction period [θ −∆z, θ] prior to θ:
〈ξ(θ)σ(z)〉 = lim
∆z→0
〈ξ(θ)δσ∆z(θ)〉. (6)
Thus, writing (6) as 〈ξ(θ)σ(z)〉 =
lim∆z→0
∫ θ
θ−∆z
〈ξ(θ) dσ
dz′
〉dz′ and using the second
equation from (2), the two terms have to be tackled:∫ θ
θ−∆z〈ξ(θ)∆(z
′)〉dz′ and
∫ θ
θ−∆z〈ξ(θ)η(z
′)σ(z′)〉dz′.
Notice that because the integration interval is in-
finitely small, the terms can take non-zero values
only if the Delta-function will be present some-
how inside the integral. Using (2) and keeping in
mind limits with respect to ∆z and ∆z′, the first
term is calculated to be:
∫ θ
θ−∆z
〈ξ(θ)∆(z′)〉dz′ =
2iC
∫ θ
θ−∆z
∫ θ
θ−∆z′〈ξ(θ)σ(z
′′)〉dz′dz′′ + h.c. → 0.
Following the same approach and using (5), the
term
∫ θ
θ−∆z〈ξ(θ)η(z
′)σ(z′)〉dz′ = P 〈σ(θ)〉, i.e.,
〈ξ(θ)σ(z)〉 = iP 〈σ(θ)〉, so that the average is suc-
cessfully split:
〈η(z)σ(z)〉 = iαPe−αz
∫ z
0
eαθ〈σ(θ)〉dθ. (7)
Next, substituting (7) into the averaged system (2) yields
a closed system of equations. In turn, the system gives
the following differential equation for 〈∆(z)〉 alone:
d3〈∆〉
dz3
+α
d2〈∆〉
dz2
+(4C2+αP )
d〈∆〉
dz
+4αC2〈∆〉 = 0, (8)
with the initial conditions: 〈∆〉|0 = 1, d〈∆〉/dz|0 = 0,
d2〈∆〉/dz2|0 = −4C
2.
Deriving equation for 〈∆(z)2〉 is not so straightforward
as for 〈∆(z)〉. Using (2), we write a series of relations:
d〈∆2〉
dz
= 4iC〈∆(σ − σ∗)〉,
d〈∆(σ − σ∗)〉
dz
= 2iC〈∆2〉+
+ 2iC〈(σ − σ∗)2〉+ i〈η(σ + σ∗)∆〉,
d〈(σ − σ∗)2〉
dz
=
d〈∆2〉
dz
+ 2i〈η(σ2 − σ∗2)〉,
d〈σ2 + σ∗2〉
dz
=
1
2
d〈∆2〉
dz
+ 2i〈η(σ2 − σ∗2)〉.
(9)
The averages 〈η(σ + σ∗)∆〉 and 〈η(σ2 − σ∗2)〉 have to
be split to move further in derivation. Using (5) and (3),
and following the same approach as with derivation of
(7), we arrive at the expression:
〈η(z)σ(z)∆(z)〉 =
αP
8C
e−αz
∫ z
0
eαθ
d〈∆2〉
dθ
dθ, (10)
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FIG. 1. Covariance V∆ as a function of normalized interaction
length Cz in the case of small-scale correlation α → ∞. The
curves correspond to different values of fluctuations intensity
P (indicated on curves).
〈η(z)σ2(z)〉 = 2iαPe−αz
∫ z
0
eαθ〈σ2(θ)〉dθ. (11)
Finally, by differentiating the first expression in (9)
four times, while simultaneously using the other expres-
sions together with (10) and (11), the equation for 〈∆2〉
reads:
d5〈∆2〉
dz5
+ 2α
d4〈∆2〉
dz4
+ (α2 + 4αP + 16C2)
d3〈∆2〉
dz3
+
+ α(5αP + 32C2)
d2〈∆2〉
dz2
+
+ 4α(αP 2 + 4αC2 + 12PC2)
d〈∆2〉
dz
+
+ 48α2PC2
(
〈∆2〉 −
1
3
)
= 0,
(12)
The initial conditions for (12) are: 〈∆2〉|0 = 1,
d〈∆2〉/dz|0 = 0, d
2〈∆2〉/dz2|0 = −8C
2, d3〈∆2〉/dz3|0 =
0, d4〈∆2〉/dz4|0 = 8C
2(16C2 + αP ).
It is illustrative to consider special cases. In the limit
of small correlation scale when α →∞, (8) and (12) are
simplified:
d2〈∆〉
dz2
+ P
〈∆〉
dz
+ 4C2〈∆〉 = 0, (13)
d3〈∆2〉
dz3
+ 5P
d2〈∆2〉
dz2
+ 4(P 2 + 4C2)
d〈∆2〉
dz
+
+48PC2
(
〈∆2〉 −
1
3
)
= 0.
(14)
4Fig. 1 shows the dependence of covariance V∆(z) of
power difference as a function of normalized interaction
length Cz at different values of the fluctuation power
in the case of small-scale correlations, α → ∞. As
can be seen from the figure, as interaction length grows,
the covariance is saturated at value 1/3, which is a wit-
ness of uniform distribution. Indeed, for an uniformly-
distributed random process x defined in the range from
−1 to 1 the average 〈x2〉 =
∫ 1
−1 x
2dx = 1/3. Also, the fig-
ure suggests that the more intensive the fluctuations is,
the faster the covariance reaches the limiting value 1/3.
III. CONCLUSION
We have developed a theory of field transformation by
a pair of coupled waveguides that takes into account fluc-
tuations in the mode index mismatches. The theory can
be useful in analyzing mechanisms that degrade the func-
tionality of integrated optics elements, especially those
created with FSLW. The approaches used in this work
can also be applied to studying waveguide devices based
on multiple coupled waveguides.
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